A unified, consistent and simple view of the Faraday law of induction is presented. Discriminating the lab-from the rest-frame electric field, we show that it is the impossibility for both fields to vanish simultaneously that generates the electromotive force and maintains the Faraday current.
A field E quickly relaxes to zero in an isolated conductor, and stays there forever if left alone. This irreversible behavior describes the relaxation toward a state that we may refer to as electric equilibrium [1] . Inserting the Ohm law, j = σ E, into the Maxwell equation, v. The equilibrium condition is then the vanishing of E 0 , the field in the conductor's local rest-frame, related to the lab-frame field E as
(only terms to first order in v/c are included). This is a plausible, even obvious result:
Electric equilibrium is an unambiguous state -especially the lack of any currents (in a neutral body) is a fact independent from observers or frames. The electric field is a framedependent quantity, but E 0 = 0 is a Lorentz-invariant condition. Therefore, rest-frame fields are what conductors relax: As long as E 0 is finite, there is a current j = σ E 0 that redistributes the charge, and the frame-independent equation for field relaxation reads
Consider a stationary metallic object, exposed to a magnetic field but no electric one.
Because E = 0, the object is in electric equilibrium, and the charge distribution is zero everywhere. If it now moves with the velocity v, some charge is separated after 10 −19 s, such that its lab-frame field is finite, E = − v × B, and the rest-frame field is zero, E 0 = 0.
(Equivalently, we may describe the same circumstance in the rest frame of the metal: The external B-field of the lab-frame generates an external E-field in the rest-frame,
the compensation of which leads to the same charge separation.) the rest-frame electric field of both the stationary and moving wire to vanish. As this cannot happen simultaneously, a current is generated "out of frustration."
Circumstances are qualitatively different in a Faraday geometry such as Fig. (1) , offering two inequivalent paths. "Frustration" sets in, because the moving section strives to establish a finite lab-frame field E, by charge separation, while the stationary part works just as hard to eliminate it: The incompatibility of both equilibria is what gives rise to a field and a resultant current, which exist as long as v is finite.
To calculate the magnitude of the current, we follow Landau and Lifshitz [2] to integrate the Maxwell equation in the form
Identifying the conductor's velocity v with that the area A changes, the two terms on the left may be combined as To evaluate the right side, − E 0 · d , we note that Eq (1) may be understood in two different ways. The first takes E 0 as the field of the local rest frame: E 0 is different from the lab-frame field E in the moving wire, but the same in the stationary one. This is what we did above. The second takes E 0 as the field of the inertial frame moving with v with respect to the lab frame, a field that is always different from E. To distinguish this second field from the first, we refer to it as E 2 . BecauseḂ vanishes in both inertial systems, we of the wire that is entirely within the same frame, to obtain a rest-frame potential drop,
And the Faraday law takes the final form containing only well-defined quantities,
Frequently, the term motional electro-motive force is used for E 0 · d , a vague label that is much more clearly understood as the sum of rest-frame potential drops.
Imposing relative motions in connected metal pieces in the presence of a magnetic field to generate currents costs energy, which is provided by devices such as heat engines, wind mills, hydropower and nuclear reactors.
II. THE LORENTZ FORCE
Usually 
III. A MECHANO-ELECTRIC PENDULUM
Next, we consider a simple generalization of the Fraraday circuit, Fig. 1 , a mechanoelectric pendulum that periodically convert electric into mechanical energy and back, Fig. 2 .
It contains all three elements: resistor, coil and capacitance. With L denoting the inductivity, C the capacitance, and ω the frequency, the potential difference is given respectively as
(Because the fields are no longer stationary, defining potentials in accordance with Eq (4) is now an approximation, though a common one usually employed in systems at rest in their entirety.) Inserting Eqs (6) in (5) assuming a uniform, constant B and denoting the relevant length of the moving wire as , see Fig. 2 , we find
The motion of the wire (of mass M) is subject to the Lorentz force. For uniform v, it is given as
These are two equations for the variables: I, v. Assuming that the three vectors v, , B are all mutually orthogonal, we may combine them to form an equation for v, or one for I. The latter reads, accounting for the damped oscillation of the mechano-electric pendulum. Since both the capacitance and the moving wire contribute to the restoring force, the wire alone would suffice to form a pendulum with the inductance. Clearly, the numbers are such that a conveniently observable resonance of around 1 Hz seems possible -if the sliding resistance can be sufficiently reduced [5] .
IV. BULK CONDUCTORS
We now consider mutually obstructing electric equilibria in bulk conductor, including the eddy current brake. Although these examples are not usually taken as closely related to the Faraday law, we establish the connection by mapping them, qualitatively, onto the circuit of Fig. 3 . It depicts a wire loop moving with uniform velocity v, from a field-free region into one with a finite magnetic field. The equilibrium condition is
on the left, and E 0 = E = 0 on the right. So again, the left part of the loop attempts to establish a potential difference, E = − v × B, while the right part works to eliminate it.
(Since the relevant quantity is v × B, a velocity difference and a non-uniform field produce the same effect.) To calculate the current, we again insertḂ = 0 into Eq (3), obtaining
. The left side of the equation is still given as I(R 1 + R 2 ), and the
A, though the surface A is no longer that enclosed by the loop, only its field filled part.
Same as the wire loop, the metal grid of Fig. 4 moves with the velocity v from a region without field into one with a finite magnetic field. The two field-exposed bars strive to establish a potential difference, and the four field-free ones work to eliminate it. If we take all vertical bars to be identical, with resistance R, and neglect the contribution from the horizontal wire, the effective resistance are: R 1 = R/2, R 2 = R/4, and the current is
To obtain the braking force, we insert this expression for the current I in Eq (8),
with 3RM/(4 2 B 2 ) being the relaxation time. The expressions for current and force will of course change after another vertical wire moves into the field.
If one of the two horizontal bars were lacking, no current at all will flow, and no braking takes place -each portion of the wire net is happily in equilibrium by itself, without the need or possibility to obstruct that of the other portion.
A solid metal plate is not that different from the grid, where the effective resistance decreasing with the width of its respective region. At the beginning, the field-exposed region is narrow, and R 2 is the dominating resistance. Toward the end, when the field-free region is narrow, R 1 becomes large and is the one limiting the current. The final example is the eddy-current brake, an essentially infinite piece of metal moving with v, with only one small portion of the metal exposed to a magnetic field. Equilibrium is again given by E = 0 outside the field-exposed region, and by E = − v × B inside it, quite the familiar dilemma. And the result is again a frustration-induced current, which dissipates the kinetic energy of the moving plate effectively.
To actually calculate the current and braking force in bulk metal pieces, one needs to find solutions of the equations, ∇ × E = 0 and ∇ · j = ∇ · ( E + v × B)σ = 0, implying constant magnetic field and charge density. This is not usually a simple task, cf. the example [6] . Next consider Fig. 6 , depicting two metal wheels rotating in place, so the runner in between moves. The runner has two conducting surfaces separated by an insulating sheet.
Connecting the two surfaces will give rise to a one-shot current, which neutralizes the opposite surface charges of the wheels -no frustration here. Oscillating the runner generates an alternating current. Now reconsider Fig 5, depicting either two wheels rocking against each other, or if we take away the metal behind the dotted lines, the rocking contact of [7] . The geometry is slightly more complex, because there is also a contribution from the translational velocity.
But the basic analysis of the last example remains valid. Since the rotating parts are already in contact to each other, little if any current will travel via the wires.
VI. SUMMARY
We summarize. Starting from the fact that an electric equilibrium is given only if the electric field of the local rest frame vanishes, many phenomena concerning metal parts
